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2Bp AND 4Bp ARE TOPOLOGICALLY CONJUGATE
BINGZHE HOU, GONGFU LIAO, AND YANG CAO
Abstrat. Let λBp, where λ is a nonzero omplex number, denote a onstant-
weighted bakward shift operators on lp for 1 ≤ p < ∞. In this artile, we
investigate, in topologially onjugay, the omplete lassiation for λBp.
1. Introdution and preliminaries
A disrete dynamial system is simply a ontinuous funtion f : X → X where
X is a omplete separable metri spae. For x ∈ X , the orbit of x under f is
Orb(f, x) = {x, f(x), f2(x), . . .} where fn = f ◦ f ◦ · · · ◦ f is the nth iterate of f
obtained by omposing f with n times. A fundamental but diult problem is
the lassiation for dynamial systems in the sense of "topologial onjugay". If
f : X → X and g : Y → Y are two ontinuous mappings, then f is topologially
onjugate to g if there exists a homeomorphism h : X → Y suh that g = h ◦ f ◦
h−1, we also say that h onjugates f to g. Notie that "topologial onjugay" is
an equivalent relation. Moreover, it is easy to see that suh many properties as,
periodi density, transitivity, mixing . . ., are preserved under topologial onjugay.
Reall that f is transitive if for any two non-empty open sets U, V in X , there
exists an integer n ≥ 1 suh that fn(U)∩V 6= φ. It is well known that, in a omplete
metri spae without isolated points, transitivity is equivalent to the existene of
dense orbit ([12℄). f is strongly mixing if for any two non-empty open sets U, V
in X , there exists an integer m ≥ 1 suh that fn(U) ∩ V 6= φ for every n ≥ m.
f has sensitive dependene on initial onditions (or simply f is sensitive)if there
is a onstant δ > 0 suh that for any x ∈ X and any neighborhood U of x, there
exists a point y ∈ X suh that d(fn(x), fn(y)) > δ, where d denotes the metri
on X . Moreover, following Devaney [3℄, f is haoti if (a) the periodi points for
f are dense in X , (b) f is transitive, and (c) f has sensitive dependene on initial
onditions. It was shown by Banks et. al. ([1℄) that (a) + (b) implies (c) and hene
haotiity is preserved under topologial onjugay, though sensitivity is not. For
more relative results, we refer to [2℄ and [3℄.
We are interested in the dynamial systems indued by ontinuous linear oper-
ators on Banah spaes. In reent years, there has been got some improvements at
this aspet (Grosse-Erdmann's and Shapiro's artiles [5, 10℄ are good surveys.).
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In operator theory, we have the onept "similarity"; two operators A and T ,
on Banah spaes H and K, are similar if there is a bounded linear transformation
S from H onto K with a bounded inverse, suh that A = S−1TS. Obviously, it
is a stronger relation than topologial onjugay, i.e., if two operators are similar
then they must be topologially onjugate. Our ultimate aim is to give a omplete
lassiation for ontinuous linear operators in the topologially onjugate sense.
In the present paper, we restrit our attention to weighted bakward shift operators
on lp for 1 ≤ p <∞. Here lp is the lassial Banah spae of absolutely pth power
summable sequenes x = (x1, x2, . . .) and we use ‖ · ‖p to represent its norm.
Without onfusion, we also use 0 to denote the zero point of lp. Let Λ = {λn}∞n=1
be a bounded sequene of nonzero omplex numbers and let πn be the projetion
from lp to the nth oordinate, i.e., πn(x) = xn for n ≥ 1. The weighted bakward
shift operator ΛBp is dened on l
p
by
πn ◦ ΛBp(x) = λnxn+1, for all n ≥ 1,
where x = (x1, x2, . . .) and Λ is alled the weight sequene. For onveniene, we
use λBp to denote the onstant-weighted bakward shift operator on l
p
, i.e., the
assoiated weight sequene onsists of a nonzero onstant λ ∈ C. An exellent
introdution to the theory of suh operators and extensive bibliography an be
found in the omprehensive artile by Shields [11℄. In lassial operator theory, we
have
Proposition 1.1. Suppose 1 ≤ p < ∞ and λ, ω ∈ C. Then λBp and ωBp are
similar if and only if |λ| = |ω|.
For eah |λ| > 1, λBp is haoti by Rolewiz [8℄ and Grosse-Erdmann [6℄. On
the other hand, if |λ| ≤ 1, then the orbit of eah point in lp under λBp approahes
to the single point 0 and hene λBp is not haoti for |λ| ≤ 1. Therefore,
Proposition 1.2. Suppose 1 ≤ p < ∞, |λ| ≤ 1 and |ω| > 1. Then λBp and ωBp
are not topologially onjugate.
One an see that 2Bp and 4Bp have almost the same dynamial properties but
are not similar. Are there topologially onjugate? Similarly, are
1
2Bp and
1
4Bp
topologially onjugate, and what about
1
2Bp and Bp? In this artile, we'll answer
these questions and at the end we'll researh in general ase, the weight sequene
being not onstant sequene, by examples.
2. Homeomorphisms on lp
In the present setion, we'll onsider the homeomorphisms on lp. Sine lp is
neither ompat nor loally ompat, the homeomorphisms on lp would be of some
strange properties, for instane, the image of a bounded set under a homeomorphism
may be unbounded [13℄. However, we also have the following property.
Lemma 2.1. Let f : lp → lq be ontinuous, where 1 ≤ p, q < ∞. Then for any
x ∈ lp, there is a neighborhood U of x suh that f(U) is bounded.
Proof. It is obvious by the ontinuity of f and the denition of metri on lp.

Now let's onstrut some homeomorphisms on lp.
For any p ≥ 1 and any s > 0, dene a map h(s)p on lp as follows,
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for any x = (x1, x2, . . .) ∈ lp,
πn ◦ h(s)p (x) = 0 if xn = 0 and
πn ◦ h(s)p (x) =
xn
|xn| ·
p
√√√√( ∞∑
k=n
|xk|p)s − (
∞∑
k=n+1
|xk|p)s
if xn 6= 0. Then one an obtain the following result.
Proposition 2.2. For any 1 ≤ p <∞ and s > 0, the map h(s)p is a homeomorphism
from lp onto itself. In fat, the inverse of h
(s)
p is h
( 1
s
)
p . Moreover, for any positive
number λ, h
(s)
p (λx) = λs · h(s)p (x)for any x ∈ lp.
Proof. Let {x(m)}∞m=1 be a Cauhy sequene in lp and let y(m) = h(s)p (x(m)) for
eah m ≥ 1. Write x(m) = (x(m)1 , x(m)2 , . . .) and y(m) = (y(m)1 , y(m)2 , . . .), for eah
m ≥ 1. By the onstrution of h(s)p , we have
(2.1)
∞∑
n=k
|y(m)n |p = (
∞∑
n=k
|x(m)n |p)s, for any m, k ∈ N.
So h
(s)
p is a map from l
p
to lp and {h(s)p (x(m))}
∞
m=1 onverges by oordinates, i.e.,
{y(m)n }∞m=1 is a Cauhy sequene for eah n ∈ N. For any ǫ > 0, there is a positive
integer N0 suh that
∞∑
n=N0
|x(m)n |p < ǫ, for eah m ≥ 1. Aording to (2.1), we have
∞∑
n=N0
|y(m)n |p < ǫs, for each m ≥ 1.
Consequently, h
(s)
p is ontinuous. Notie that both h
(s)
p and h
( 1
s
)
p are ontinuous,
and
h(s)p ◦ h(
1
s
)
p = h
( 1
s
)
p ◦ h(s)p = id.
Therefore, h
(s)
p is a homeomorphism from l
p
onto itself, whose inverse map is h
( 1
s
)
p .
Moreover, it is obvious that for any x ∈ lp,
h(s)p (λx) = λ
s · h(s)p (x).

As is well-known (one an see [4℄), for any 1 ≤ p, q < ∞ there is a natural
homeomorphism gpq from l
p
onto lq dened as follows,
for any x = (x1, x2, . . .) ∈ lp,
πn ◦ gpq(x) = 0 if xn = 0 and
πn ◦ gpq(x) = xn|xn| · |xn|
p
q
if xn 6= 0. And we have
Proposition 2.3. The inverse of gpq is gqp, and for any positive number λ, gpq(λx) =
λ
p
q · gpq(x) for any x ∈ lp.
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3. Topologially onjugate lasses for λBp
In this setion we'll give the omplete topologially onjugate lassiation for
λBp, whih indiates that 2Bp and 4Bp,
1
2Bp and
1
4Bp are topologially onjugate
respetively, but not
1
2Bp and Bp.
For onveniene, we dene a funtion χ : R→ R as follows
χ(t) =


1, if t > 1
0, if t = 1
−1, if t < 1
Theorem 3.1. Suppose 1 ≤ p < ∞ and λ, ω ∈ C. Then λBp and ωBp are
topologially onjugate if and only if χ(|λ|) = χ(|ω|).
Proof. Beause of Proposition 1.1, it sues to onsider the ase that both λ and
ω are positive number. If χ(|λ|) = χ(|ω|), then there is a positive number s suh
that |λ|s = |ω|. Consider the homeomorphism h(s)p dened in the previous setion.
For any x = (x1, x2, . . .) ∈ lp, denote x′ = (x2, x3, . . .). Then, by the onstrution
of h
(s)
p and Proposition 2.2, we have
(h(s)p ◦ λBp)(x) = h(s)p (λx′) = λs · h(s)p (x′) = ω · h(s)p (x′),
(ωBp ◦ h(s)p )(x) = ω · h(s)p (x′).
Therefore h
(s)
p ◦ λBp = ωBp ◦ h(s)p and hene λBp and ωBp are topologially onju-
gate.
On the onverse, by Proposition 1.1 and 1.2 it sues to verify that λBp and Bp
are not topologially onjugate if λ is a positive number less than 1. Now suppose a
homeomorphism f onjugates Bp to λBp, where 0 < λ < 1. It follows from Lemma
2.1 that there exist δ > 0 and M > 0 suh that ‖ f(y) ‖p< M whenever ‖ y ‖p≤ δ.
Write
y(n) = (0, 0, . . . , 0, δ︸︷︷︸
nth
, 0, . . .).
Sine ‖ y(n) ‖p= δ for eah n ∈ N, we have ‖ (λBp)n−1(f(y(n)) ‖p≤ λn−1M → 0 as
n→∞. Consequently,
f(y(1)) = lim
n→∞
f(Bn−1p (y
(n))) = lim
n→∞
(λBp)
n−1(f(y(n))) = 0.
Similarly, one an see f(y
(1)
2 ) = 0, whih is a ontradition.

Now we've answer the question in setion 1 and it is some surprising that Bp and
1
2Bp are not topologially onjugate, although the orbit of eah point in l
p
under
either of them approahes to the single point 0. Furthermore, we an obtain a more
general result.
Theorem 3.2. Suppose 1 ≤ p, q < ∞ and λ, ω ∈ C. Then λBp and ωBq are
topologially onjugate if and only if χ(|λ|) = χ(|ω|).
Proof. Aording to Theorem 3.1 and Proposition 1.1, it sues to prove that λBp
and ωBq are topologially onjugate if χ(λ) = χ(ω) where λ and ω are positive
numbers. Now suppose λ and ω are positive numbers with χ(λ) = χ(ω). Then
χ(ω
q
p ) = χ(λ) = χ(ω). Consider the homeomorphism gpq dened in the previous
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setion. For any x = (x1, x2, . . .) ∈ lp, denote x′ = (x2, x3, . . .). By the onstrution
of gpq and Proposition 2.3, we have
gpq(ω
q
pBp(x)) = gpq(ω
q
p x′) = ω · gpq(x′),
ωBq(gpq(x)) = ω · gpq(x′).
Therefore ω
q
pBp and ωBq are topologially onjugate. In addition, ω
q
pBp and λBp
are topologially onjugate by Theorem 3.1, hene λBp and ωBq are topologially
onjugate sine topologial onjugay is an equivalent relation.

We've got that there are three topologial onjugate lasses for λBp in all. At
the end of this paper, we'll onsider the general ase that the weight sequene is
not onstant sequene, and we would see some new topologially onjugate lasses
dierent from the three lasses.
First of all, we give or restate in following Proposition 3.3 the haraterizations
of several topologially onjugate invarianes suh as haotiity, transitivity and
strong mixing for weighted bakward shift operators. Denote β(n) as
β(n) =
n∏
i=1
ω(i), for n = 1, 2, . . . ,
where {ωn}∞n=1 is a weight sequene.
Proposition 3.3. If T is a weighted bakward shift operator on lp, 1 ≤ p < ∞,
with weight sequene {ωn}∞n=1, then
(I)(K. G. Grosse-Erdmann [6℄) T is haoti if and only if
∞∑
n=1
1
|β(n)|p <∞;
(II)(G. Costakis and M. Sambarino [7℄) T is strongly mixing if and only if
lim
n→∞
|β(n)| =∞.
(III)(H. N. Salas [9℄) T is transitive if and only if lim sup
n→∞
|β(n)| =∞.
Example 3.4. Let T (1) be a weighted bakward shift operator on l2 with the
weight sequene {ω(1)n }∞n=1, where
{ω(1)1 } = 1 and {ω(1)n } =
√
n
n− 1 for n ≥ 2.
It implies β(n) =
√
n, for n ≥ 1. Then we have
∞∑
n=1
1
|β(n)|2 = ∞ and |β(n)| → ∞
as n → ∞. Consequently, the operator T (1) is strongly mixing but not haoti.
Therefore T (1) is not topologially onjugate to λB2 for every λ ∈ C.
Example 3.5. Let T (2) be a weighted bakward shift operator on l2 with the
weight sequene {ω(2)n }∞n=1, where
(ω
(2)
1 , ω
(2)
2 , . . .) = (2,
1
2
, 2, 2,
1
2
,
1
2
, 2, 2, 2︸ ︷︷ ︸
3
,
1
2
,
1
2
,
1
2︸ ︷︷ ︸
3
, . . . , 2, 2, . . . , 2︸ ︷︷ ︸
k
,
1
2
,
1
2
, . . . ,
1
2
,
1
2︸ ︷︷ ︸
k
, . . .).
It is easy to see that T (2) is transitive but not strongly mixing and hene T (2) is
not topologially onjugate to either λB2 or T
(1)
.
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Example 3.6. Let T (3) be a weighted bakward shift operator on l2 with the
weight sequene {ω(3)n }∞n=1, where
(ω
(3)
1 , ω
(3)
2 , . . .) = (
1
2
, 2,
1
2
,
1
2
, 2, 2,
1
2
,
1
2
,
1
2︸ ︷︷ ︸
3
, 2, 2, 2︸ ︷︷ ︸
3
, . . . ,
1
2
,
1
2
, . . . ,
1
2
,
1
2︸ ︷︷ ︸
k
, 2, 2, . . . , 2︸ ︷︷ ︸
k
, . . .).
It is easy to see that T (3) is not transitive. Now onsider the point
x = (0, 1, 0, 0, 0,
1
2
, 0, 0, 0︸ ︷︷ ︸
3
, 0, 0,
1
22︸ ︷︷ ︸
3
, . . . , 0, 0, . . . , 0, 0︸ ︷︷ ︸
k
, 0, 0, . . . , 0,
1
2k−1︸ ︷︷ ︸
k
, . . .).
We have ‖ (T (3))n(x) ‖2≥ 1 for eah n ≥ 1. Consequently, T (3) is not topologially
onjugate to λB2 for |λ| ≤ 1. Therefore, T (3) is not topologially onjugate to λB2
or T (1), or T (2).
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